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1. INTRODUCTION 
In [2], Bernfeld and Haddock conjectured that each solution of the delay differential equation 
z'(t)  = -z l /3 ( t )  + xx/3(t - r) 
tends to a constant as t --* oo. In [3], Ding studied the asymptotic behavior of solutions of the 
delay differential equation 
x' (t) = -F (x ( t )  ) + V(x(t - r) ) (1.1) 
and proved that each solution of (1.1) tends to a constant as long as G(y) =_ F(y) for all y ~ R 
and F is continuous and increasing on R, which showed that Bernfeld and Haddock's conjecture 
is true. Later, Chen [4] considered the following more general equation than (1.1): 
x'(t) = F(t, x(t), x(t - r)) (1.2) 
and proved that each solution of (1.2) tends to a constant when F(t, u, v) = q(t)G(u, v) -{-p(t) for 
all (t, u, v) E (0, oo) x R x R, which greatly extends the results obtained in [3], where F(t, u, v) E 
C[(0, c~) x R × R, R], F is decreasing with respect o u; G(u, v) E C[R x R,  R], G is decreasing 
with respect o u and increasing with respect o v and G(u, u) =_ 0 for all u E R, p E LI[0, c~), 
q E C[[0, c~), (0, M)], M is a finite positive constant. 
Here, we study the following: for the discrete analogues of (1.2), 
xn+l -xn  = F(n,  xn,xn-k) ,  n=no+ l ,no+ 2,.. .  
and 
xn- -Xn- l=F(n ,  xn, Xn-k), n=no+l ,no+2, . . . ,  
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where k is a positive integer, F • C[N x R x R, R], and F(n, u, v) is decreasing with respect o 
u • R, can the asymptotic behavior of solutions of (1.2) mentioned above still be maintained? 
The goal of this paper is to solve this problem. 
For the difference quation (1.3), we can construct an example to show that the answer to this 
question is negative. 
EXAMPLE 1. Consider the initial value problem 
Xn+l -xn  =qn( -xn  +Xn-1)+Pn, n = 0 ,1 , . . . ,  
X_  1 --~ O, X 0 = 1, 
(1.5) 
where q0 = 1, ql -- 2, qn+2 = qn, for n : 0, 1 , . . . ,  and 
0, if n is an even integer, 
pn = ~2, if n is an odd integer. 
~n=oPn is convergent. Let G(u,v) = -u  + v, then F(n, u,v) = Clearly, {qn} is bounded and oo 
qnG(u, v) + pn. But the solution of (1.5) is oscillatory. In fact, by the method of steps, we can 
get the solution of (1.5), 
Xn = 2 (n -2k) /2  
k=o (-'~_-- 1-'~', 
if n is an odd integer, 
if n is an even integer, 
which is oscillatory and unbounded from the above. 
For the difference quation (1.4), we have an affirmative answer to this question, which will be 
proved in Section 3. 
Recently, Huang and Yu [1] have considered the following special case of (1.4): 
xn-zn-1  = -F (xn)+G(xn-k ) ,  n=no+l ,no+2, . . . ,  (1.6) 
which is considered as a discrete analogue of (1.1), where F and G are continuous and F is 
increasing on R. They showed that when F(y) > G(y) for y E R, every solution of (1.6) tends to 
either a constant or -cx~ as n ~ oo; while F(y) <_ G(y) for y E R, every solution of (1.6) tends 
to either a constant or oo as n --* co. In particular, if F(y) =_ G(y) for y E R, then every solution 
of (1.6) tends to a constant as n --* c~. 
In this paper, we consider the difference quation (1.4). Throughout his paper, we shall 
assume that G(u,v) • C[R x R ,R] ,  G(u,v) is decreasing with respect o u • R and increasing 
with respect o v • R, and G(u, u) =- 0 for all u • R; the real sequences (Pn} and (qn) satisfy: 
(Pn) • l 1, 0 < qn < M, where l i = ((Pn} : ~"~=1 IPnl < CO} and M is a finite positive constant. 
By a solution of equation (1.4), we mean a sequence(xn} of real numbers which is defined for 
n _> no - k + 1 and satisfies equation (1.4) for n = no + 1, no + 2 , . . . ,  x and initial conditions 
Xno-j =aj, j=0 ,1 , . . . , k -1 ,  (1.7) 
where aj (j = 0, 1 , . . . ,  k - 1) are some arbitrary real constants. 
Our aim in this paper is to prove that if F(n, u, v) < qnG(u, v) +Pn, then every solution of (1.4) 
tends to either a constant or - co  as n --* oo, if F(n, u, v) >_ qnG(u, v) + Pn. In particular, if 
F(n, u, v) = qnG(u, v) + Pn, then every solution of (1.4) tends to a constant as n --* oo. Our 
results greatly generalize those results obtained in [1]. 
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2. LEMMAS 
In this section, we will establish several important lemmas which will be used to prove our 
main results in Section 3. 
Since G(u, v) is continuous on R × R and decreasing with respect to u E R, by setting 
¢(y, K) = y -  G(y, K), where K is a given constant, ¢(y ,K)  is also continuous and increasing 
with respect o y E R, and it is clear that lim~_,c~ ¢(y, K) = ov and limu_,_~ ¢(y, K)  = -o r .  
Therefore, there exists a function ¢- l (z ,  K),  the inverse function of z = ¢(y, K)  for all z E R. 
LEMMA 1. For any constants K and a, for the initial value problem 
Y, , -  Yn-1 = G(yn, K) ,  n = no + 1,no +2, . . . ,  
Yno = a, 
(2.1) 
there exists a unique solution. 
PROOF. By (2.1), we have 
¢(Yn, K)=Yn-1,  fo rn=no+l ,no+2,  . . . .  
It follows that 
y ,  = ¢-x (y , -1 ,K ) ,  n=no+l ,  no+2 . . . . .  
Hence, by the method of steps, we find that the initial value problem (2.1) has a unique solution. 
The proof is complete. 
LEMMA 2. Let {yn(n0, K)} (n = no, no + 1,. . .  ) be the solution of the initial value problem (2.1). 
Then, for any given positive integer m, ¢(K)  = Yno+m( no, K) is independent ofno and ¢(K)  is 
continuous with respect o K. 
PROOF. Problem (2.1) is equivalent to 
yn(no,K) =¢-X(yn-l(no, g ) ,K ) ,  n = no + 1,no +2, . . . ,  
(2.2) 
Yno (no, K) = a. 
Using the method of steps, it is easy to see that (2.2) implies that ¢ (K)  is independent of no. 
Now we prove ¢(K)  is continuous with respect o K. By way of contradiction, if it is not true, 
then there exist constants Ko E R and eo > 0, and a sequence {Ki} : Ki --* Ko as i --* oo, such 
that [¢(K~) - ¢(Ko)l _> eo > 0 for i = 1,2 , . . . ,  that is, 
[Yno+m (no, K i )  - Yno+m (no, Ko)[ _> eo > 0. (2.3) 
Without loss of generality, we may assume Ko - 1 < Ki _< Ko + 1. By (2.1), we have 
y,,o+, (no, K,) - G (Y,,o+* (no, K,) ,  K,) 
= U,,o (no, K,) = a 
= Yno+l (no, Ko + 1) - G (Yno+l (no, Ko + 1), Ko + 1) 
-< Y-o+1 (no, Ko + 1) - G (Y,~o+I (no, Ko + 1), Ki) ,  
which implies 
Y~.O+I (no, Ki) <_ Yno+l (no, Ko + 1). 
Furthermore, using induction, we can prove 
u,~ (no, K~) < y,~ (no, Ko + 1), for n = no, no + 1 , . . . .  (2.4) 
26 B. DAI AND L. HUANG 
By an analogous argument, we can also prove 
yn(no ,K i )  >_yn(no, Ko -1) ,  fo rn=no,  no+ l , . . . ,  
which together with (2.4) implies that the sequence {Yn(no, Ki)}ifx,2 .... is bounded for every 
n E {n0,n0 + 1,.. .  }. Therefore, we can choose a convergent subsequence {yno(no, K}°))} of 
{Yno(no,Ki)}, where {K~ °) } C {Ki}, and set 
(o)) 
.lim Yno no, K~j = Zno" 
3----*oo 
K (o) Similarly, we can choose a convergent subsequence {yno+l(no, K~:))} of {Yno+l(no, i~ )}, 
where {K~: )} C {K~°)}, and set 
lira 
j--*oo x / 
Generally, considering sequence {Yno+l(no, K~:-I))} (1 < l < m), we can choose a convergent 
subsequence {y,o+l(n0, K(l)hlij/,, where {K~j(I) } C {K~:-I)}, and set 
(t)) 
lim Yno+t no, g~ = Zno+l. 
j---*c¢ 
Thus, we get some subsequences - ~--{K~ '')} C - - -~  {K~ ''-D } C . . -C  ___11 {K~.)) C ___m_tK~;)} C {g,}. It ~s 
easy to see that 
.lira Yn (no, K~ )) = zn, 
3..-*00 
In view of (2.1), we have 
n = no,no + 1 , . . . ,no  +m.  
Let j ~ c¢. Then, 
Zn -- Zn--X = G(zn, go) ,  n = no, no + l , . . . ,no  + m, 
which implies that {zn} (n = no,no + 1,...  ,no + m) are the first terms of the solution of the 
initial value problem (2.1) for K = go. By (2.3), we have 
Iz.o+  (no ,go)  - y .o+m (no,go)[ > 60 > 0. (2.5) 
On the other hand, since {yn(no, K0)} is a solution of the initial value problem (2.1) for K = K0, 
it follows from Lemma 1 that 
zn = yn(no, Ko ), for n = no, no + l, . . . , no + rn, 
which contradicts (2.5). This completes the proof. 
LEMMA 3. For any aj E R (j = 0,1 , . . . , k -  1), the in/t/a/va/ue problem (1.4) and (1.7) has a 
unique solution. 
By using an argument similar to that in the proof of Lemma 1, and the method of steps, we 
can find the conclusion of this lemma. Hence, the proof is omitted. 
' i j  J ' 
n = no ,no  -t- 1 , . . .  ,no  + m.  
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LEMMA 4. Let m be a given positive integer, {yn(no, e)} (n = no,no + 1,. . .  ) be the solution of 
the init ia/va/ue problem 
yn-yn- l=G(yn ,A+e) ,  n=no+l ,no+2, . . . ,  
Yno = a < A ,  (2.6) 
where A is a constant and e is a parameter with 0 < e < 1. Then there exists a positive constant # 
independent of no and e such that 
yn(no, e) <A+e- I~,  fo rn=no,no+l , . . . ,no+m.  
PROOF. Since K = A + e is continuous with respect o e, it follows from Lemma 2 that 
A(e) = A + e - Yno+m (no, e) 
is continuous with respect o e and is independent of no. 
By (2.6), we have 
Yno+l (no, e) - G (Yno+l (no, e), A + e) = Y~o (no, e) = a 
< A+e-  G(A +e,A+e) ,  
which implies Yno+l(no,e) < A + e. Furthermore, using induction, we can prove 
Yn (no, e) < A + e, for n = no, no + 1 , . . . ,  (2.7) 
which implies 
Set 
a( , )  = A + e - Wo+m (n0,e) > 0. (2.8) 
# = min A(~). 
0___e<l 
Then # is positive and is independent of no and e. 
In view of (2.6) and (2.7), for n = no + 1, no + 2,..., we have 
y .  (no, ~) - y . -1  (no, E) = C (y .  (no, ~),  A + ~) 
>G(A+e,A+e)  =0. 
That is, yn(no,e) > Yn-l(no, e) for n = no + 1,no +2, . . . ,  and hence, Yn(no,e) <_ Yno+m(no,e) 
for n = no, no + 1 , . . . ,  no + m, which together with (2.8) implies 
Yn (no, e) < A + ~ - A(E) _< A + ~ - #, 
for n = no, no + 1 , . . . ,no  +m.  
This completes the proof of Lemma 4. 
By an analogous argument, we can prove the following. 
LEMMA 5. Let m be a given positive integer, {yn(no, e)} (n = no,no + 1,. . .  ) be the solution of 
the initial value problem 
Yn - Yn -x  = G(yn ,A -e ) ,  n = no + 1 ,no  + 2 , . . . ,  
Y~o = a > A, (2.9) 
where A is a constant and e is a parameter with 0 < ~ < 1. Then there exists a positive constant u
independent of no and e such that 
yn(no,e) >A-e+u,  fo rn=no,no+l , . . . ,no+m.  
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3. MAIN  RESULTS AND PROOFS 
In this section, we will state and prove our main results. 
THEOREM 1. Let F(n ,  u, v) < qnG(U, v) q-Pn for all (n, u, v) E N × R x It. Then each solution 
of  (1.4) tends to either a constant or - co  as  n ~ co. 
PROOF. First, we prove that each solution {Xn} of (1.4) is bounded from the above. To save 
some writing, set 
N( i )  = {i , i  + 1 , . . .}  and N( i , j )  = { i , i+  1,. . .  , j}, where i < j, 
and let An = maxieN(n-k,n) xi and N* = {n : n E N(no + k) and An = xn}. It  is easy to see 
that if n E N(no  + k) \ N*, then An - An-1 < 0; if n E N*, then An - An-x  < Xn - Xn--1. 
Since 
xn - Xn-1 = F(n,  Xn,Xn-k)  
< qnG(xn, Xn-k) +Pn 
<_ qnG(Xn, An) + IPnl, for n E N(no + k), 
from G(u, u) = 0 for u E R, it follows that 
An - An-1 < IPnl for all n E N*. 
Again, since IPnl > 0, we have 
An - An-x _< IPnl, for all n E N(no + k). (3.1) 
It follows that An < Ano+k-x + ~Inno+k IP~I, which together with {Pn} E l x implies that {An} 
is bounded from the above. Therefore, {xn} is also bounded from the above. 
Now let A = lira SUPn__.oo Xn. Then, A < co. If A = -co ,  then it is obvious that 
lira Xn = -co .  
n- -~oo 
I f  A > - co ,  then A is a finite constant. 
In the following, we are going to prove 
Then, 
lim xn = A. 
n- ' *OO 
By way of contradiction, suppose that lin~_.oo xn does not exist. Let 
n 
= An-  tp, I- 
un - Un-1 = An - An-1 - Ip.I ~ o, for n e N(no + k), 
which implies that {u,} is nonincreasing. Since {An} is bounded from the above, it follows that 
l imn-.~ Un = U exists as a finite number or is -co .  
If u = -co ,  then l imn-~ An = -co ,  which contradicts the assumption A > -oo.  Thus, 
limn-~c~ un = u exists as a finite number. So, we have 
lim An = A. (3.2) 
n- -~OO 
On the other hand, let 
vn - -  - Ip, I. 
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It is obvious that {vn} is bounded from the above. Let limsupn_.oo v ~ = B and let l iminfn_.~ 
Vn= b. 
Since l imn-.~ xn does not exist, we have b < B < +c~. So we can take a constant D such that 
b < D < B < A. Choose no sufficiently large and #x with 0 < #1 < 1 such that vno < D < B 
and 
Ip, I < ~x, x,-k<_A+#l, forn=no+l,no+2,.... 
nfno 
Again notice that vn <_ xn and G(xn, A + #1) > G(A + #1, A + #1) = 0. Then, 
v .  - vn_  1 = xn  - xn -  1 - IPn I 
= F(n ,  xn,Xn-k) --IPnl 
< qnG (xn, xn-k) 
<_ qnG (xn, A + Pt) 
<MG(vn ,  A+#I ) ,  fo rn=no,  no+l , . . . .  
Now let {Yn(no,/~1)} be the solution of the initial value problem 
(3.3) 
Yn-Yn-1  =MG(yn ,  A+#I ) ,  n=no+l ,no+2, . . . ,  
Yno = D. 
(3.4) 
From Vno _< D < A and Lemma 4, it follows that there exists a positive constant # independent 
of no and/~1 such that 
Yn (no,/~1) _< A +btl - /~, fo rnEN(no ,  no+2k) .  (3.5) 
By comparing (3.3) and (3.4), it is easy to prove that 
vn <_ yn(no, gx), for all n E N(no, no + 2k). 
Therefore, it follows from (3.5) that 
vn _< A + #1 - #, for n E N(no, no + 2k), 
which yields 
n 
xn = vn + Z IPi] < Vn -t- I.~l <_ A + 2#x -#,  
i -~- nO 
for n E N(no, no + 2k). We can take #1 such that #x </~/4, then, 
# 
Xn <_ A - ~, for n E N(no, no + 2k). (3.6) 
Now choose an integer n* E N(no+k,  n0+2k). Then, N(n* -k ,  n*) C N(no, no+2k). From (3.6), 
we have 
An. = max xn < A # 
nEN(n* -k ,n* )  - -  - -  -~. (3.7) 
Notice that n* > no and no may be sufficiently large, and that # is independent of no and n*. 
It is obvious that the inequality (3.7) contradicts l imn-.~ An = A, and hence, limn-~oo Xn = A 
exists. This completes the proof of Theorem 1. 
Similarly, using Lemma 5, we can prove the following. 
THEOREM 2. Let F(n, u, v) >_ qnG(u, v) + Pn for a11 (n, u, v) E N × R x R.  Then each solution 
of (1.4) tends to either a constant or oo as n --* c~. 
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By Theorems 1 and 2, we obtain the following. 
THEOREM 3. Let F(n ,  u, v) = q ,G(u,  v) + Pn for all ( n, u, v) E N x Ft × R .  Then each solution 
of  (1.4) tends to a constant as n --, co. 
As a special case of (1.4), we consider the following difference quation: 
T,n -- Xn-1 ~-- an ( - - f  (Xn) -}- g (Xn-k))  -{- Pn, (3.8) 
where f ,  g : 1% --* 1% are continuous, and f is increasing on R.  
Let G(u, v) = - f (u )  + f (v ) .  By the conclusions of Theorems 1-3, we have the following. 
COROLLARY 1. Let f (u )  > g(u) for all u 6 R .  
constant or --CO as  n -~ 00. 
COROLLARY 2. Let  f (u )  <_ g(u) for all u 6 R .  
constant or oo as n ---* co. 
Then each solution of  (3.8) tends to either a 
Then each solution of  (3.8) tends to either a 
COROLLARY 3. Let  f (u )  - g(u) for all u e R .  Then each solution of  (3.8) tends to a constant 
as n ---~ oo. 
REMARK. The results obtained in [1] are the special case of our Corollaries 1-3 for qn -= 1 and 
p ,  = 0. Obviously, our results great ly generalize those results of [1]. 
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